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Equation (10) may be considered a generalization of
(5): indeed, if whT,=nm, then a'’=a?, B*=p>
2 2

The (iistribution of ¢ = ¢, +¢_, may be calculated
by considering that ¢p+¢@_,=2(¢s—¢,). After a
straightforward change of variable (10) becomes

P(®||F|)=[271(Z)]"

xexp[Z cos(P+2¢,—¢")]. (12)

By means of (11) it may be found that
cos 2¢,—¢')=Y_/S and sin(2e,—¢')=2vy/S
so that
tan (2¢,— ') =tan ¢
Equation (12) is therefore identical to (5): it may be

Acta Cryst. (1987). A43, 75-78

concluded that P(@ ||F|) is the same both for cs
crystals and for restricted-phase reflexions in ncs
crystals.
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Abstract

X-ray diffraction intensity data measured on two four-
circle diffractometers from a crystal of the compound
potassium hydrogen (2R, 3R)-tartrate have been used
to study the effect of absorption correction, data
region, stability constant and neglect of light atoms
in the atomic model on the least-squares estimate of
the absolute-structure (inversion-twin) parameter x.
It is shown that for a complete data set with Friedel
pairs measured in the same plane of diffraction, an
absorption correction reduced the e.s.d. of x without
significantly altering its value. For data sets where
only one member of each Friedel pair is allowed to
contribute in the least-squares analysis, e.s.d.’s and
deviations of x from its ideal value are increased
compared with complete data sets containing both
members of each Friedel pair. Certain aspects of
combining a complete data set consisting of one asym-
metric unit of reciprocal space with all-sphere
measurements of absolute-structure-sensitive reflec-
tions have also been investigated. Lowering the value
of the stability constant increases the e.s.d. of x,

0108-7673/87/010075-04501.50

produces values of x closer to its ideal value for
complete data sets and increases the variability of x
for incomplete data sets. Neglect of hydrogen atoms
from the atomic model produces a very small but
quantifiable shift in the estimated value of x.

Introduction

In previous work (Flack, 1983; Bernardinelli & Flack,
1985) it has been shown that absolute structure may
be determined very efficiently by assuming any non-
centrosymmetric crystal to be an inversion twin and
letting the absolute-structure (inversion-twin) param-
eter x be a variable in the least-squares refinement.
Whereas a great deal is known about the bias that
may be caused in least-squares-estimated atomic posi-
tional and displacement parameters due to systematic
effects such as absorption, thermal diffuse scattering,
extinction, scan-range truncation etc., little at present
is understood of the behaviour of the absolute-struc-
ture parameter. It is the intention of this paper to
present results on four systematic effects; absorption,
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76 LEAST-SQUARES ABSOLUTE-STRUCTURE REFINEMENT

data region, stability constant and neglect of light
atoms from the atomic model.

These systematic effects have been tested on X-ray
diffraction intensities measured on one compound:
potassium hydrogen (2R, 3R)-tartrate. [A study of
the same compound at low temperature has recently
appeared in the literature (Buschmann & Luger,
1985).] This compound has a well established chiral-
ity which is clearly expressed in the diffraction data.
Problems of pseudosymmetry and free origins will
not be considered here.

Experimental

Single crystals of potassium hydrogen (2R, 3R)-tar-
trate, C,HsO6K, M, =188-2, obtained commercially
from Fluka, were grown from aqueous solution at
294 K. Colourless rhombic disphenoid crystal of
average dimensions 0:09 X 0:33 X 0-52 mm with faces
{010} (well developed), {130}, {011} and {111},
the crystal being elongated along [001] (Porter,
1928); [e]d +32:0° (c=10 in 1M NaOH);
P2,2,2,,a=7-799 (1), b=10-669 (2), c = 7-625(2) A,
V=634-5(2) A% Z=4, D,=1-970 Mg m, Mo Ka,
A=0-71069 A, u =0-807 mm™', F(000) =384, 294 K,
Philips PW1100 diffractometer, graphite mono-
chromator, cell dimensions from 30 reflections [26 =
34-43°]; data collection: sin /A <0-71 A™', h=0->
10, k=0->14, I=0-10 and all antireflections of
these measured in the same plane of diffraction as
the reflection, @/26 scans, w-scan angle (1-2+
0-25 tan 6)°; absorption correction by Gaussian grid
integration on grid of 12x12x12 points, 1-066 <
A*<1-288; three standard reflections 345, 345, 345
varied by a maximum of 0-9%; 1087 Friedel pairs
measured; 1848 independent reflections for
refinements using the ‘complete’ data set; 1087
independent reflections for refinements using data
sets containing only one member of a Friedel pair;
all reflections in a data set contribute in the least-
squares refinements; R values given for reflections
with I>20(I); initial coordinates taken from
caesium hydrogen (2R, 3R)-tartrate (Templeton &
Templeton, 1978); refinement on |F|*; hydrogen
atoms located from difference electron density map
and fixed with isotropic displacement parameters of
U=0-038 A% 101 parameters refined - one scale
factor, one absolute-structure parameter and, for each
non-hydrogen atom, three positional and six
anisotropic displacement parameters; no extinction
correction; w(|F|*)=[o*(|F|*)+(p|F[*)*]"" with o2
taken from counting statistics alone and p =0-02 or
p=0-0; in the final cycles of refinement average
shift/e.s.d. in the range 1-0 to 1-9x107* with a
maximum shift/e.s.d. of 8-:0x 10™*; atomic scattering
factors and anomalous-dispersion terms from Inter-
national Tables for X-ray Crystallography (1974); all
calculations performed with a local version of

XRAY76 (Stewart, Machin, Dickinson, Ammon,
Heck & Flack, 1976).* A summary of the values
obtained from the structure refinement with this set
is presented in Table 1.

A second set of intensity data were measured on
an Enraf-Nonius CAD-4 diffractometer. The same
crystal was used in its previous mount. The measure-
ment conditions were very similar to those previously
used on the Philips PW1100 diffractometer. The
reflections measured comprised one complete data
set as on the PW1100. Furthermore, those 25 reflec-
tions (and their antireflections, and all reflections
symmetry equivalent to these - making 200 measure-
ments in all) having the largest values of
(|F.(h, k, 1)*—|F.(—h, =k, =1)|*)/ o were also mea-
sured. In using the CAD-4 data, refinements have
been made on the complete data set under the same
conditions as for the PW1100 data and on the selected
Friedel-pair measurements where there were only
three variables in the least squares - one scale factor,
one attenuator factor and one absolute-structure
parameter, the other parameters taking values
obtained from the refinement on the complete data
set.* The results are summarized in Table 2.

Results and discussion
Absorption correction

Comparison of refinements 1 and 2, carried out on
the complete data set including hydrogen atoms in
the structure-factor calculation, shows the effect of
performing an absorption correction. One sees that
the absorption correction has lowered both R and S.
The estimated value of the absolute-structure par-
ameter has not altered but its e.s.d. has diminished
in the same proportion as S.

In attempting to understand this result one must
recall several important details of the data collection.
The data set consists of measurements of Friedel pairs
(ie. reflection hkl and its antireflection hk!) and these
have been measured in the same plane of diffraction
(i.e. the plane of the incident and refiected ray direc-
tions). For this geometry the absorption corrections
for reflection and antireflection are identical if the
crystal is centrosymmetric in shape (see for example
Clegg, 1984). This is very closely the case for the
crystal used here. Using the same plane of diffraction
and scanning mode also implies the equality of any
thermal-diffuse-scattering or multiple-scattering cor-
rection to the integrated intensities of reflection and

* Lists of structure factors, atomic positional and anisotropic
displacement parameters for all atoms and other information in
the printed form of the Standard Crystallographic File Structure
of Brown (1985) have been deposited with the British Library
Document Supply Centre as Supplementary Publication No. SUP.
42943 (34 pp.). Copies may be obtained through The Executive
Secretary, International Union of Crystallography, 5 Abbey
Square, Chester CHt 2HU, England.
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Table 1. Summary of refinements on potassium
hydrogen (2R, 3R)-tartrate from the Philips PW1100
diffractometer data

AC indicates whether an absorption correction was applied (Y)
or not (N). DS indicates whether a complete (C) data set (both
reflections of a Friedel pair) or just one of the two (H = half) was
used. In the latter case a +, — or * indicates that reflections with
all indices positive (+), with all indices negative (—) or with a
pseudo-random choice of one of the Friedel opposites (x) were
used respectively. HD indicates whether hydrogen atoms were
included (Y) or not (N) in the structure-factor calculation. R =
[Z(EN=EA/ZIEL S =[F w(lF.P—1F)?/(Nop, — Noa) 12
Only reflections with | F|> > 20(| F|?) contribute to R. All reflections
contribute in the least squares and to S. x is the absolute-structure
parameter with e.s.d. in parentheses obtained using stability con-
stants p=0-02 or 0-0 in the weighting scheme. Individual values
of R and S for the p =0-0 refinements are not given but are in the
range 6-9< R<8-1 and 10-53 <5< 12-06.

p=0-02

Data p=0-0
set AC DS HD R(%) S X x

1 N ¢ Y 3.0 228 —0-012(51) —0-007 (155)
2 Y ¢ Y 27 2:04 —0-012(45) —0-003 (142)
3 N C N 3.8 300 —0-009(67) —0-002(178)
4 Yy ¢ N 35 2:86  —0-009(63) 0-001 (169)
5¢) ' Y H+ Y 3.0 231 —0-055(76) 0-20 (20)
5() Y H- Y 3.0 2:32 0-005(74)  —0-24 (20)
5¢) 'Y H* Y 30 231 —0-022(76) 0-23 (20)
5(d) ' Y H* Y 30 230 0-022(76) 0-29 (20)
5) 'Y H* Y 30 229 0-009 (76) 0-39 (20)
5() Y H* Y 3.0 230 —0-057(76) —0-16 (20)
5(8) 'Y H* Y 30 231  —0-054(77) 0-20 (20)

antireflection (Gabe, 1985). Furthermore, for small
anomalous scattering effects, one obtains near
equality of secondary extinction corrections even if
these are anisotropic. In carrying out a least-squares
refinement against a data set containing systematic
errors, biased model parameters will arise which
attempt to model the systematic error. In the case of
absorption it is well established that scale factors and
atomic-displacement parameters are the variables
which are most affected. Bias in these variables results
in a bias in the calculated structure-factor amplitudes
of reflection and antireflection which are essentially
equal. Consequently the observed and calculated
differences between reflection and antireflection tend
to agree and no bias in the absolute-structure par-
ameter is produced if the systematic effects are left
uncorrected. However, as a correction for absorption
will produce a better overall fit to the data, the good-
ness of fit will be lowered and the e.s.d.’s of all par-
ameters, including the absolute-structure parameter,
will be reduced in the standard practice (used here)
of multiplying all e.s.d.’s by the goodness-of-fit value.

The near equality of the systematic effects would
not arise if either the antireflection had been measured
in another plane of diffraction or a reflection sym-
metry equivalent to hkl had been chosen. In such
cases bias in the absolute-structure parameter might
result.

Table 2. Summary of refinements on potassium
hydrogen (2R,3R)-tartrate from the Enraf-Nonius
CAD-4 diffractometer data

Refinements are on absorption-corrected data with hydrogen atoms
included. A stability constant of p =0-006 was used. DS indicates
the data set used: C, complete asymmetric-unit data set (both
reflections of a Friedel pair); O-+-++ 25 selected Friedel pairs taken
from the +h, +k, +I and —h, —k, —I octants; O—++ selected
Friedel pairs symmetry equivalent to O-+++ but in the —h, +k, +1
and +h, —k, —I octants; likewise for O+—+ and O++—; U is the
union of O+++, O—++, O+—+ and O++—; A is the average
over symmetry-equivalent reflections in U. R=
EAEN-IEIN/E B, S=[E w(F,~IF.2)/(Nass — Nyar) 12
Only reflections with |F|>> 1-5a(|F|*) contribute to R. All reflec-
tions contribute in the least squares and to S. N, and N, are
respectively the number of reflections and number of variables
used in the refinements. x is the absolute-structure parameter with
e.s.d. in parentheses.

Data
set DS R(%) S Ngs Nua x
6 C 31 2-08 1838 102 0-03 (5)
7(a) O+++ 1-7 295 50 3 —0-07 (14)
7(b) O—++ 21 395 50 3 0-10(18)
7(c) O+—+ 17 2-90 50 3 —0-02 (13)
7(d) O++-— 1-9 3-11 50 3 —0-03 (14)
8 U 1-9 3-24 200 3 —0-002 (75)
9 A 1-9 6-86 50 3 -0-08 (11)

Data region

Refinements on data sets 2 and 5(a)-(g) presented
in Table 1, which have been carried out on absorption-
corrected data with hydrogen atoms included, show
the effect of altering the choice of reflections con-
tributing to the least-squares refinement. All values
of x are within one e.s.d. of the ideal value of 0-0
and the e.s.d. obtained from the complete data set is
significantly smaller than that from the half data sets.
This reduction in the e.s.d. of x is not matched by
the reduction in the value of S, the goodness of fit.
The inclusion of all Friedel pairs has improved the
estimation of the absolute-structure parameter more
than the overall goodness of fit would have indicated.
Although the complete data set is clearly superior in
its ability to provide reliable estimates of the absolute-
structure parameter, Table 1 indicates that satisfac-
tory results may also be obtained from the half data
sets.

In examining the results in Table 2 on 25 selected
reflections one sees that all values of x lie within one
e.s.d. of the ideal value of 0. The most satisfactory
result in terms of x and its e.s.d. is obtained by using
the 200 whole-sphere selected measurements without
averaging. Further, the values of the goodness of fit
obtained from the different refinements are very
revealing. In increasing value of S, the O data sets
are arranged as follows: O+—+ < O+++ < O++—-<
O—++, the difference between O+—+ and O+++
being small. This is typical of other data sets that we
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have handled. The selected Friedel-pair measure-
ments coming from the same region of reciprocal
space in which the main data set was measured have
one of the lowest values of the goodness of fit. This
must be due to the model parameters resulting from
refinement on the main data set with the same crystal
compensating (at least partially) for its systematic
errors. Consequently the model fits the data coming
from the same region as the main data set better than
those from other regions. On using the whole-sphere
selected Friedel pairs one finds that the goodness of
fit without averaging has a value between the largest
and smallest for the O sets but with an improved
e.s.d. of x, whilst, after averaging, S has increased
considerably with an e.s.d. of x slightly smaller than
any of the O sets. One suspects that the results of the
averaged data set depend intricately on the algorithm
used to obtain the mean values and their e.s.d.’s.

Stability constant

The results of the column marked x (p=0-02) in
Table 1 were obtained using a weighting scheme with
a stability constant p of 0-02 in the calculation of the
total intensity variance. This is intended to be a typical
value for diffractometer data. The effect on the estima-
tion of the absolute-structure parameter of setting p
equal to 0-0 may be seen by studying the column
marked x (p=0-0) in Table 1. The values of the
absolute-structure parameter for the complete data
sets are now systematically closer to the ideal value
of 0-0 although with much increased e.s.d. due to the
poorer fit of the data. Even so, the e.s.d. of x has not
increased to the same extent as S in going from the
p=0-02 to p=0-0 refinement. For the half data sets
one finds a very much greater variability in the value
of x obtained and an increase in the e.s.d. approxi-
mately proportional to that found for the complete
data set. The change in the weighting scheme from
p=0-02 to p=0-0 corresponds to an increase in the
weight of the medium and strong reflections over the
weaker ones. It is amongst these medium and strong
reflections that one finds those which are the most
sensitive to the absolute structure of the crystal. As
we have shown above, the estimation of x from a
complete data set is very insensitive to the common
systematic errors affecting diffraction data and hence
the p=0-0 refinement produces an improved value
of the estimate of x albeit with a greatly increased
e.s.d. due to the poor overall fit for the complete data
set. The half data sets will not have the same built-in
independence of absolute-structure-parameter esti-
mator to systematic effects and hence one finds much
more fluctuation of x in the p = 0-0 than in the p = 0-02

refinements because of the increased sensitivity to
absolute structure.

Neglect of light atoms

Comparison of refinements 2 and 4, carried out on
the complete absorption-corrected data set, shows the
effect of neglecting the hydrogen atoms in the struc-
ture-factor calculation. One can see that the estimated
value of x is very little influenced.

Concluding remarks

From this study, the absolute-structure parameter
appears to be very stable and insensitive to systematic
errors. Clearly, attention has to be paid to the choice
of stability constant and to the merging of data
measured in different regions of reciprocal space.
However, it might seem that absolute structure could
always be determined whatever the (lack of) care
used in collecting and correcting the data and in doing
the least-squares refinement. To what extent are the
conclusions reached here of general applicability? It
is clear that potassium hydrogen (2R, 3R)-tartrate
has a well established chirality which is clearly
expressed by way of anomalous dispersion in the
diffraction measurements. Further, absorption is not
appreciable. For systems where these conditions do
not pertain, particularly for pseudo-centrosymmetric
space groups or those non-centrosymmetric ones
where there is a free choice of origin, further study
is under way. For these cases we consider the
measurement of a complete data set as mandatory.
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